Abstract: Rigorous plasticity solutions for the ultimate bearing capacity of a strip footing resting on a sand layer over clay soil are obtained by applying advanced upper and lower bound techniques. The study compares these solutions with other published results and investigates the effect of various strength and geometry parameters. Assuming the soil layers obey an associated flow rule, the results presented typically bound the collapse load to within ±10% or better.
Introduction
The need to determine the bearing capacity of a compacted sand or gravel layer on soft clay arises frequently in foundation engineering. Of the published approaches to this problem, the semi-empirical solutions of Meyerhof (1974) and Hanna and Meyerhof (1980) are perhaps the most widely used in practice. Their methods are also known as punching shear models, as they assume the sand layer to be in a state of passive failure along vertical planes beneath the footing edges. Another commonly used semi-empirical approach is the load spread model, in which the sand layer is assumed to merely spread the load to the underlying clay foundation (e.g., Terzaghi and Peck 1948; Houlsby et al. 1989) . This technique ignores the shear strength of the sand and transforms the problem to the classical one of estimating the bearing capacity of a clay layer that is subjected to a surcharge.
A more rigorous approach, based on the upper bound theorem of limit analysis, has been used by Chen and Davidson (1973) , Florkiewicz (1989) , and Michalowski and Shi (1995) to calculate the bearing capacity of multilayered soils. These studies consider various rigid block mechanisms that, at the point of collapse, assume power is dissipated solely at the interfaces between adjacent blocks. After optimizing the geometry to furnish the minimum dissipated power, the mechanism that gives the lowest value is used to compute the best upper bound on the limit load. To give confidence in the accuracy of the solutions obtained from upper bound calculations, it is desirable to perform lower bound calculations in parallel so that the true result can be bracketed from above and below (Davis 1968; Chen 1975; Sloan 1988 Sloan , 1989 . Unfortunately, due to the difficulty in constructing statically admissible stress fields by traditional methods, this is rarely done in practice.
Although conventional finite element analysis can be used to predict the bearing capacity of multilayered soils (Griffiths 1982; Burd and Frydman 1997) , the estimate so obtained is neither an upper bound nor a lower bound on the true value. Moreover, great care needs to be exercised with displacement finite element predictions in the fully plastic range, as the results can be very inaccurate due to the occurrence of locking (Nagtegaal et al. 1974; Sloan and Randolph 1982) . This phenomenon, which is characterized by a constantly rising load-deformation response, occurs when the displacement field becomes overconstrained by the requirements of an incompressible plastic flow rule. To estimate undrained limit loads accurately using displacement finite elements in plane strain, it is prudent to avoid using loworder formulations (Sloan and Randolph 1982) unless they are used with some form of selective integration (Nagtegaal et al. 1974) .
In this paper, we use finite element formulations of the limit analysis theorems to obtain rigorous plasticity solutions for the bearing capacity of a layer of sand on clay. Following Merifield et al. (1999) , who considered the classical bearing capacity problem of a two-layered clay, we use the bounding methods to bracket the true solution from above and below. The techniques themselves have been developed only recently and are discussed in detail by Lyamin and Sloan (2002a, 2002b) . These procedures effectively supersede the earlier formulations proposed by Sloan (1988 Sloan ( , 1989 and Sloan and Kleeman (1995) which, although successful in a wide range of practical applications, are less efficient.
Problem definition
The bearing capacity problem considered in this paper is illustrated in Fig. 1 . A strip footing of width B rests on a sand layer that has a thickness D, an internal friction angle φ′, a unit weight γ, and a surcharge q. The sand layer is underlain by a deep bed of clay that has an undrained shear strength c u . Only short-term stability of the footing is considered, so the sand layer is assumed to be fully drained and the clay bed undrained.
Taken in isolation, the bearing capacity of the sand layer will be governed by φ′, γ, and q, with other possible factors being the dilation angle ψ′ and the footing roughness. Classical limit analysis theory assumes an associated flow rule, where normality of the plastic strains to the yield function applies and the dilation angle is set equal to the friction angle. Allowing for the presence of the clay layer, and assuming associated flow with a perfectly rough footing, the ultimate bearing capacity of the two-layer foundation problem can be expressed in the dimensionless form
where p is the average limit pressure. Accordingly, in the following, the bearing capacities are presented in terms of the dimensionless quantities D/B, c u /γB, q/γB, and φ′, with the role of the dilation angle and footing roughness investigated separately.
Numerical limit analysis models
This section gives a very brief summary of the finite element formulations of the upper and lower bound theorems. A more detailed description of the techniques, including a discussion of the solution algorithms used to solve the resulting optimization problem, can be found in Lyamin and Sloan (2002a, 2002b) and will not be repeated here.
The lower bound limit theorem states that if any equilibrium state of stress can be found which balances the applied loads and satisfies the yield criterion as well as the stress boundary conditions, then the body will not collapse (Chen 1975) . Stress fields that satisfy these requirements, and thus give lower bounds, are said to be statically admissible. The key idea behind the lower bound analysis applied here is to model the stress field using finite elements and use the static admissibility constraints to express the unknown collapse load as a solution to a mathematical programming problem. For linear elements, the equilibrium and stress boundary conditions give rise to linear equality constraints on the nodal stresses, and the yield condition, which requires all stress points to lie inside or on the yield surface, gives rise to a nonlinear inequality constraint on each set of nodal stresses. The objective function, which is to be maximized, corresponds to the collapse load and is a function of the unknown stresses. For linear elements, this function is also linear. After all the element coefficients are assembled, the final optimization problem is thus one with a linear objective function, linear equality constraints, and nonlinear inequality constraints.
The lower bound formulation proposed by Lyamin and Sloan (2002a) handles both two-and three-dimensional stress fields and, in the former case, employs the linear elements shown in Fig. 2 . Note that it incorporates statically admissible stress discontinuities at all interelement boundaries (Fig. 3) and special extension elements for completing the stress field in an unbounded domain (Fig. 2) . Unlike displacement finite element meshes, each node is unique to a single element and several nodes may share the same coordinates. Although the stress discontinuities increase the total number of variables for a fixed mesh, they also introduce extra "degrees of freedom" in the stress field, thus improving the accuracy of the solution. Along a given discontinuity the normal and shear stresses must be continuous, but the tangential normal stress may be discontinuous.
As the formulation of Lyamin and Sloan (2002a) uses linear elements in both two and three dimensions, the objective function and equality constraints are linear in the unknowns. As discussed previously, the equality constraints arise because the stress field needs to satisfy equilibrium in the continuum and the discontinuities, as well as the stress boundary conditions. Some additional constraints may also be required to incorporate special types of loading along the domain boundaries. After assembling the various objective function coefficients and equality constraints for the mesh, and imposing the nonlinear yield inequalities on each node, the lower bound formulation of Lyamin and Sloan leads to a nonlinear programming problem of the form
where c is a vector of objective function coefficients, is a vector of unknowns (nodal stresses and possibly element unit weights), c T is the collapse load, A is a matrix of equality constraint coefficients, b is a vector of coefficients, f i is the yield function for node i, and N is the number of nodes. The solution to eq. [2], which constitutes a statically admissible stress field, can be found efficiently by solving the system of nonlinear equations that define its KuhnTucker optimality conditions. Indeed, the two-stage quasiNewton solver developed by Lyamin (1999) usually needs fewer than about 50 iterations, regardless of the problem size. Because it does not require the yield surface to be linearized, the formulation can be used for a wide range of convex yield criteria.
A "fan" mesh for a lower bound analysis of the problem defined in Fig. 1 is shown in Fig. 4a . The grid consists of 4920 nodes, 1640 triangular elements, and 2420 stress discontinuities. It includes special extension elements along the bottom and right boundaries (not shown for clarity) to extend the stress field throughout the semi-infinite domain. The fan of elements centred on the footing edge permits the principal stresses to rotate around this point and improves the accuracy of the lower bound. This aspect and the results from an alternative type of mesh are investigated in a later section of the paper.
To model a smooth footing that has no shear stress on its underside, additional constraints have to be imposed at all element nodes along the footing-soil interface. For a rough footing, the shear stress is typically nonzero and governed solely by the specified yield criterion.
The upper bound theorem can be formulated in terms of finite elements by adopting a similar approach to that just described for the static case. This theorem states that the power dissipated by any kinematically admissible velocity field can be equated to the power dissipated by the external loads to give a rigorous upper bound on the true limit load. A kinematically admissible velocity field is one that satisfies compatibility, the flow rule, and the velocity boundary conditions. In a finite element formulation of the upper bound theorem, the velocity field is modelled using appropriate variables, and the optimum (minimum) internal power dissipation is obtained as the solution to a mathematical programming problem. In the formulation of Lyamin and Sloan (2002b) , the upper bound is found by the solution of a nonlinear programming problem. Their procedure uses linear triangles to model the velocity field, and each element is also associated with a constant stress field and a single plastic multiplier rate (Fig. 5) . The element plastic multipliers do not need to be included explicitly as variables, however, even though they are used in the derivation of the formulation. This is because the final optimization problem can be cast in terms of the nodal velocities and element stresses alone. To ensure kinematic admissibility, flow-rule constraints are imposed on the nodal velocities, element plastic multipliers, and element stresses. In addition, the velocities are matched to the specified boundary conditions, the plastic multipliers are constrained to be non-negative, and the element stresses are constrained to satisfy the yield criterion. Following Sloan p/γB Mesh 1 (Fig. 4 and Kleeman (1995), the method of Lyamin and Sloan permits velocity discontinuities at all interelement boundaries in the mesh. As shown in Fig. 6 , each discontinuity is defined by four nodes and requires four unknowns to describe the velocity jumps along its length.
With the elements shown in Figs. 5 and 6, plastic deformation can occur in both the continuum and the velocity discontinuities, giving rise to two different sources of power dissipation. For a given set of prescribed velocities, the finite element formulation works by choosing the set of velocities and stresses that minimize the dissipated power. This power is then equated to the power dissipated by the external loads to yield a strict upper bound on the true limit load.
After assembling the various objective function coeffi- cients and constraints for the mesh, the upper bound formulation of Lyamin and Sloan (2002b) leads to a nonlinear programming problem of the form
where u is a global vector of unknown velocities; d is a global vector of unknown discontinuity variables; is a global vector of unknown element stresses; c u and c d are vectors of objective function coefficients for the nodal velocities and discontinuity variables, respectively; A u and A d are matrices of equality constraint coefficients for the nodal velocities and discontinuity variables, respectively; B is a global matrix of compatibility coefficients that operate on the nodal velocities; b is a vector of coefficients; ∇ = {∂/ ∂σ x , ∂/∂σ y , ∂/∂ τ xy } T ; λ i is an unknown plastic multiplier rate for element i; f i is the yield function for element i; and E is the number of triangular elements. In this equation, the objective function T Bu + c u T u + c d T d denotes the total dissipated power, with the first term giving the dissipation in the continuum, the second term giving the dissipation because of fixed boundary tractions or body forces, and the third term giving the dissipation in the discontinuities. Using its Kuhn-Tucker optimality conditions, the optimization problem (eq. [3]) may be recast in the alternative form
which has fewer variables (the plastic multipliers are no longer needed) and fewer constraints. The solution to eq.
[4] can be computed efficiently using a two-stage quasi-Newton solver which is a variant of the scheme developed for the lower bound method (Lyamin and Sloan 2002b) . Again, a maximum of 50 iterations is typically required, regardless of the problem size. Figure 4b shows a fan-type mesh for upper bound limit analysis of the problem considered. This mesh is identical to the lower bound mesh in Fig. 4a , except it does not need to incorporate extension elements along the bottom and right boundaries. An upper bound solution is obtained by prescribing a unit downward velocity to the nodes on the footing. To model a perfectly rough foundation, these nodes are constrained so that they cannot move horizontally (u = 0). After the resulting optimization problem is solved for the imposed boundary conditions, the upper bound on the collapse load is obtained by equating the power expended by the external loads to the power dissipated internally by plastic deformation.
Results and discussion
Using the methods described in the previous section, finite element limit analyses were performed to obtain upper and lower bound bearing capacity estimates for strip footings on various sand and clay layers. The study assumes the soil layers obey an associated flow rule and covers a range of parameters, including the depth of the sand layer (D/B), the friction angle of the sand (φ′), the undrained shear strength of the clay (c u /γB), and the effect of a surcharge (q/γB). The influence of footing roughness and increasing strength with depth for the clay soil are also quantified rigorously. For a single example, the effect of zero dilatancy in the sand layer is investigated approximately by using an associated flow rule with a reduced friction angle. Where possible, the new numerical results are compared with solutions obtained by others.
Comparisons with previous results
The lower and upper bound estimates of the normalized bearing capacity p/γB are compared with the semi-empirical results suggested by Hanna and Meyerhof (1980) , the displacement finite element method solutions of Griffiths (1982) and Burd and Frydman (1996) , and the analytical kinematic predictions of Michalowski and Shi (1995) . These comparisons are shown in Figs. 7-9. The lower and upper bounds were computed using meshes similar to those in Fig. 4 .
For the case of φ′ = 45°, D/B = 2, and q/γB = 0, Fig. 7 shows that the semi-empirical approach of Hanna and Meyerhof (1980) and the analytical kinematic approach of Michalowski and Shi (1995) both overestimate the bearing capacity p/γB at larger values of c u /γB. Although their solutions are reasonably close to our upper bounds, they are up to 18% above our lower bounds. As shown in Fig. 8 , the kinematic results of Michalowski and Shi display similar trends for the case of φ′ = 40°, D/B = 1, and q/γB = 0. The numerical results reported by Burd and Frydman (1996) , also plotted in Fig. 8 , are for a non-associated flow rule with a dilation angle of ψ′ = 10°and represent average values obtained from their displacement finite element and finite difference analyses. Their bearing capacity predictions lie close to the average of our upper and lower bound estimates.
To compare their kinematic results with those of Griffiths (1982) , who employed the displacement finite element method with a non-associated flow rule for the sand layer, Michalowski and Shi (1995) replace the sand friction angle φ′ by ′ φ , where
This follows the work of Drescher and Detournay (1993) who argue that, for kinematic mechanisms comprised solely of rigid blocks and velocity discontinuities, the use of ′ φ instead of φ′ will furnish reasonable limit load estimates for materials with coaxial non-associated flow rules. Indeed, Drescher and Detournay suggest that ′ φ may be viewed as a "residual" friction angle which accounts for the softening that may be induced under certain stress conditions by a non-associated flow rule. Because failure may occur before all the stresses reach the residual state, this approach may give limit loads that are lower than the true values. Figure 9 compares the solutions of Griffiths (1982) and Michalowski and Shi (1995) with our bound solutions for ′ φ = 33°, which approximates the non-associated zero dilation case where φ′ = 40°and ψ′ = 0°. Since our upper bound method permits plastic dissipation in both the continuum and the velocity discontinuities, and thus violates one of the conditions of the proof by Drescher and Detournay, these results should be treated with some caution. Bearing this in mind, the predictions of Griffiths and Michalowski and Shi are reasonably close to our bound solutions for small to medium values of c u /γB, but give higher bearing capacities as c u /γB increases.
Because of the large volume changes they predict during plastic shearing, associated flow rules are sometimes thought to give questionable limit loads for frictional soils. For cases where the failure mechanism is kinematically highly constrained, such as granular flow in a hopper, this concern is certainly valid and needs to be addressed. For frictional soils with a freely deforming surface and a semi-infinite domain, however, the use of an associated flow rule will, in many cases, give good estimates of the collapse load. Although difficult to quantify, this important result is discussed at length in Davis (1968) and has been confirmed by a number of independent finite element studies (e.g., Zienkiewicz et al. 1975; Sloan 1981) .
Overall, the results shown in Figs. 7-9 suggest that the new bound solutions give bearing capacities which are more conservative than those published previously. Assuming the soil layers obey an associated flow rule, the finite element limit analyses typically bound the limit load to ±10% or better.
Effect of mesh arrangement
For the case of φ′ = 40°, D/B = 1, and q/γB = 0, Table 1 compares the results from two different types of mesh arrangement with the upper and lower bound analyses. Close bounds are always obtained using mesh type 1 (Fig. 4) , which has a fan of discontinuities at the footing edge. The results from mesh type 2 (Fig. 10) are less satisfactory, with the accuracy of the lower bounds decreasing as c u /γB increases. Solutions from this type of grid cannot be improved by using additional elements, as it will always fail to model the principal stress rotation at the edge of the footing adequately. Interestingly, the accuracy of the upper bound solutions is roughly the same for both types of mesh arrangement. All subsequent limit analysis results in this paper were obtained using fan-type meshes similar to those in Fig. 4 .
The central processing unit (CPU) times in Table 1 show that the finite element bound formulations of Lyamin and Sloan (2002a, 2002b) are computationally very efficient. To obtain solutions of roughly the same accuracy using the conventional displacement method would, in the authors' experience, require similar computational effort. For materials with an associated flow rule, the limit analysis solutions have the key advantage of an built-in error indicator, with the lower bounds always providing a conservative estimate of the bearing capacity. They also furnish the limit load directly, without the need to infer it from a load-deformation response.
Parametric study
Assuming an associated flow rule for the soil layers, Figs. 11-14 present results for the normalized bearing capacity p/γB as a function of the dimensionless quantities D/B, c u /γB, q/γB, and φ′. These plots are for φ′ = 30°, 40°, and 50°, q/γB = 0 and 1, and D/B = 0.25, 0.5, 1, and 2 and are averages of the upper and lower bound estimates for the case of a perfectly rough footing. In all cases the spread of the bound solutions is less than ±10%, which is sufficiently accurate for the purposes of design. Figure 15 shows the velocity diagrams from the upper bound calculations for various values of D/B with φ′ = 30°, c u /γB = 1, and q/γB = 0. These plots clearly demonstrate the improved bearing capacity that results from increasing the depth of the sand layer. Note, however, that once D/B exceeds a certain "critical depth" (in this case slightly less than two), the failure mechanism is totally contained within the sand layer and p/γB becomes independent of the shear Can. Geotech. J. Vol. 40, 2003 strength of the clay. The existence of this critical depth is clearly evident in Figs. 13 and 14 for the example of φ′ = 30°with no surcharge, where a constant value of p/γB = 8.87 is observed. Interestingly, this limiting value is close to the factor N γ H /2 = 9.05 given by Brinch Hansen (1970) but substantially above the factor N γ M /2 = 7.83 predicted by Meyerhof (1951) .
As expected, the strength of the sand layer has a greater in the velocity plots of Fig. 16 . As φ′ increases, the proportion of the failure mechanism in the soft substratum increases, giving rise to the possibility of punching shear failure (Meyerhof 1974) . The effect of the underlying clay strength on the bearing capacity of a sand layer with φ′ = 40°and D/B = 1 is illustrated in Fig. 17 . Although the bearing capacity increases with increasing c u /γB, its growth is not linearly proportional to this quantity. As expected, the fraction of the failure mechanism confined to the sand layer increases as the undrained shear strength of the clay increases. Indeed, for a fixed D/B and a sufficiently high value of c u /γB, the bearing capacity p/γB would again be governed solely by φ′ and q/γB.
Intuitively, we expect a surcharge q to raise the bearing capacity by enlarging the failure mechanism, thus mobilizing more of the available shear strength. This effect is illustrated graphically in Fig. 18 for the case of a footing where φ′ = 40°, c u /γB = 0.5, D/B = 1, and q/γB = 0 or 1. In the latter case, the surcharge clearly suppresses the upward movement of sand near the footing edge and forces the failure mechanism to be much wider and deeper.
Effect of footing roughness
As discussed by Chen (1975) , approximate estimates for the frictional bearing capacity factor N γ are reduced by a factor of around two when the footing is taken as smooth instead of rough. For the problem considered here, we thus expect this parameter to have the most influence when the bulk of the failure mechanism lies inside the sand layer and there is no surcharge. The average of the upper and lower bounds, shown in Figs. 19 and 20 for D/B = 0.5 and q/γB = 0, confirms that this is indeed the case, with the biggest difference in bearing capacity occurring for the shallow failure mechanism associated with φ′ = 30°and c u /γB = 4. The observed drop in bearing capacity for the smooth footing, which is roughly a factor of two, is consistent with approximate predictions from the Prandtl and Hill mechanisms discussed by Chen. As the friction angle increases, the failure mechanism becomes deeper and wider and the effect of the footing roughness diminishes as the clay influence dominates. In practice, the footing roughness is likely to lie between the perfectly smooth and perfectly rough extremes, with an interface friction angle that is typically one half to two thirds of the sand friction angle. The approximate N γ predictions given by Chen, and the author's independent tests, suggest that the results reported here are largely unaffected for these values.
Effect of increasing strength with depth for clay
Soft, normally consolidated clays often exhibit undrained strength profiles that increase linearly with an increase in depth. To investigate the likely influence of this inhomogeneity we assume the undrained strength varies as c u (z) = c u0 + ρz, where c u0 is the shear strength at the surface of the clay layer, z is the depth from the surface of the clay layer, and ρ = dc u /dz. Two values of D/B = 0.25 and 2 are examined for the case of zero surcharge and a soft clay with c u0 /γB = 1 and ρB/c u0 = 0, 0.5, and 1. The range chosen for ρB/c u0 follows from the field measurements reported in Lambe and Whitman (1979) , which suggest that ρ typically varies between 1 and 2 kN/m 3 for soft, normally consolidated clay deposits. Figures 21 and 22 , which plot the averages of the upper and lower bounds, show that the clay inhomogeneity has the biggest effect on the bearing capacity when D/B is small. This reflects the fact that the failure mechanism extends deeply into the clay bed for shallow sand layers, at least for the range of strength parameters considered here (Fig. 23) . In contrast, for a deeper layer of medium-dense sand (D/B = 2 and φ′ = 30°) on a soft clay (c u0 /γB = 1), the failure mechanism does not penetrate the underlying deposit and the bearing capacity is unaffected by its properties (Figs. 22, 24) .
Conclusions
The ultimate bearing capacity of a strip footing resting on a sand layer over clay has been investigated using finite element formulations of the classical limit theorems. Rigorous bounds for a wide range of strength and geometry parameters have been obtained, and the effects of footing roughness and clay inhomogeneity studied. Assuming the soil layers obey an associated flow rule, the solutions presented bracket the bearing capacity to within ±10% or better.
